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SEMILINEAR ELLIPTIC SYSTEMS WITH DEPENDENCE ON THE GRADIENT
FILOMENA CIANCIARUSO AND PAOLAMARIA PIETRAMALA
Abstract. We provide results on the existence, non-existence, multiplicity and localization of positive
radial solutions for semilinear elliptic systems with Dirichlet or Robin boundary conditions on an annulus.
Our approach is topological and relies on the classical fixed point index. We present an example to illustrate
our theory.
1. Introduction
The object of this paper is to study existence or non-existence of positive radial solutions for the system
of BVPs
(1.1)


−∆u = f1(|x|, u, v, |∇u|, |∇v|) in Ω,
−∆v = f2(|x|, u, v, |∇u|, |∇v|) in Ω,
u = 0 on ∂Ω,
v = 0 on |x| = R0 and
∂v
∂r
= 0 on |x| = R1,
where Ω = {x ∈ Rn : R0 < |x| < R1} is an annulus, 0 < R0 < R1 < +∞, the nonlinearities fi are positive
continuous functions and
∂
∂r
denotes (as in [11]) differentiation in the radial direction r = |x|.
The problem of the existence of positive radial solutions of elliptic equations with nonlinearities with de-
pendence on gradient subject to Dirichlet or Robin boundary conditions has been investigated, via different
methods, by a number of authors, we mention the papers [4, 5, 7, 8, 10, 20].
Since we are looking for radial solutions, we obtain results to a wide class of nonlinearities by means
of an approach based on fixed point index theory and invariance properties of a suitable cone, in which
Harnack-type inequalities are used. Radial solutions of elliptic systems have been studied with topological
methods in [5, 6, 7, 8, 18, 19, 20], in particular the cones have been used in [6, 18, 19].
The use of cones and Harnack-type inequalities in the context of ordinary differential equations or systems
depending on the first derivative has been studied in [1, 3, 7, 12, 14, 15, 21, 22].
The paper is organized as follows: in Section 2 we introduce and prove our auxiliary results, in particular
the properties of a suitable compact operator, Section 3 contains the existence and non-existence results for
the elliptic sistem and an example.
2. Setting and Preliminaries
Consider in Rn, n ≥ 2, the equation
(2.1) −△w = f(|x|, w, |∇w|) in Ω,
subject to Dirichlet boundary conditions
w = 0 on ∂Ω,
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or Robin boundary conditions
w = 0 on |x| = R0 and
∂w
∂r
= 0 on |x| = R1.
Since we are looking for the existence of radial solutions w = w(r) of the system (1.1), we rewrite (2.1) in
the form
(2.2) − w′′(r) −
n− 1
r
w′(r) = f(r, w(r), |w′(r)|) in [R0, R1].
Set w(t) = w(r(t)), where, for t ∈ [0, 1], (see [8, 9])
r(t) :=


R1−t1 R
t
0, n = 2,(
A
B−t
) 1
n−2
, n ≥ 3,
A =
(R0R1)
n−2
Rn−21 −R
n−2
0
and B =
Rn−21
Rn−21 −R
n−2
0
.
Take, for t ∈ [0, 1],
p(t) :=


r2(t) log2(R1/R0), n = 2,(
R0R1(Rn−21 −R
n−2
0 )
n−2
)2
1
(Rn−21 −(R
n−2
1 −R
n−2
0 )t)
2(n−1)
n−2
, n ≥ 3,
then the equation (2.2) becomes
−w′′(t) = p(t)f
(
r(t), w(t),
∣∣∣∣w′(t)r′(t)
∣∣∣∣
)
:= g(t, w(t), |w′(t)|) on [0, 1].
If we set u(t) = u(r(t)) and v(t) = v(r(t)), thus to the system (1.1) we can associate the system of ODEs
(2.3)


−u′′(t) = g1(t, u(t), v(t), |u
′(t)|, |v′(t)|) in [0, 1],
−v′′(t) = g2(t, u(t), v(t), |u
′(t)|, |v′(t)|) in [0, 1],
u(0) = u(1) = v(0) = v′(1) = 0.
We note that, for i = 1, 2, gi is a positive continuous function in [0, 1]× [0,+∞)
4.
By a radial solution of the system (1.1) we mean a solution of the system (2.3).
Let ω be a continuous function on [0, 1] and
C1ω [0, 1] = {w ∈ C[0, 1] : w is continuous differentiable on (0, 1) with sup
t∈(0,1)
ω(t)|w′(t)| < +∞}.
It can verify that C1ω[0, 1] is a Banach space (see [1] for the proof) with the norm
||w|| := max {||w||∞, ‖w
′‖ω} ,
where ||w||∞ := max
t∈[0, 1]
|w(t)| and ‖w′‖ω := sup
t∈(0,1)
ω(t)|w′(t)|.
Set ω1(t) = t(1− t), ω2(t) = t, we study the existence of solutions of the system (2.3) by means of the fixed
points of the suitable operator T on the space C1ω1 [0, 1]× C
1
ω2 [0, 1] equipped with the norm
||(u, v)|| := max{||u||, ||v||}.
We define the integral operator T : C1ω1 [0, 1]× C
1
ω2 [0, 1]→ C
1
ω1 [0, 1]× C
1
ω2 [0, 1]
(2.4) T (u, v)(t) :=
(
T1(u, v)(t)
T2(u, v)(t)
)
=
( ∫ 1
0
k1(t, s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|) ds∫ 1
0 k2(t, s)g2(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
)
,
where the Green’s functions ki are given by
k1(t, s) =
{
s(1− t), 0 ≤ s ≤ t ≤ 1,
t(1− s), 0 ≤ t ≤ s ≤ 1,
k2(t, s) =
{
s, 0 ≤ s ≤ t ≤ 1,
t, 0 ≤ t ≤ s ≤ 1.
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We resume the well known properties of the Green’s functions ki.
(1) The kernel k1 is positive and continuous in [0, 1]× [0, 1]. Moreover, for [a1, b1] ⊂ (0, 1), we have
k1(t, s) ≤ φ1(s) for (t, s) ∈ [0, 1]× [0, 1] and k1(t, s) ≥ c1 φ1(s) for (t, s) ∈ [a1, b1]× [0, 1],
where we can take
φ1(s) := sup
t∈[0,1]
k1(t, s) = k1(s, s) = s(1− s) and c1 := min{a1, 1− b1} .
(2) The function k1(·, s) is derivable in τ ∈ [0, 1], with
∂k1
∂t
(t, s) =
{
−s, 0 ≤ s < t ≤ 1,
1− s, 0 ≤ t < s ≤ 1,
and for all τ ∈ [0, 1] we have
lim
t→τ
∣∣∣∣∂k1∂t (t, s)− ∂k1∂t (τ, s)
∣∣∣∣ = 0, for almost every s ∈ [0, 1].
The partial derivative
∂k1
∂t
(t, s) < 0 for 0 < s < t,
∂k1
∂t
(t, s) > 0 for t < s < 1 and∣∣∣∣∂k1∂t (t, s)
∣∣∣∣ ≤ ψ1(s) := max{s, 1− s} for t ∈ [0, 1] and almost every s ∈ [0, 1].
(3) The kernel k2 is positive and continuous in [0, 1]× [0, 1]. Moreover, for [a2, b2] ⊂ (0, 1], we have
k2(t, s) ≤ φ2(s) for (t, s) ∈ [0, 1]× [0, 1] and k2(t, s) ≥ c2 φ2(s) for (t, s) ∈ [a2, b2]× [0, 1],
where we can take
φ2(s) := sup
t∈[0,1]
k2(t, s) = k2(s, s) = s and c2 := a2 .
(4) The function k2(·, s) is derivable in τ ∈ [0, 1], with
∂k2
∂t
(t, s) =
{
0, 0 ≤ s < t ≤ 1,
1, 0 ≤ t < s ≤ 1,
and for all τ ∈ [0, 1] we have
lim
t→τ
∣∣∣∣∂k2∂t (t, s)− ∂k2∂t (τ, s)
∣∣∣∣ = 0, for almost every s ∈ [0, 1].
Moreover ∣∣∣∣∂k2∂t (t, s)
∣∣∣∣ ≤ 1 := ψ2(s) for t ∈ [0, 1] and almost every s ∈ [0, 1].
By direct calculation we obtain
m1 :=
(
sup
t∈[0,1]
∫ 1
0
k1(t, s) ds
)−1
= 8, m2 :=
(
sup
t∈[0,1]
∫ 1
0
k2(t, s) ds
)−1
= 2,
M1 :=
(
inf
t∈[a1,b1]
∫ b1
a1
k1(t, s)ds
)−1
=


2
a1(b1−a1)(2−a1−b1)
, if a1 + b1 ≤ 1,
2
(1−b1)(b21−a
2
1)
, if a1 + b1 > 1,
M2 :=
(
inf
t∈[a2,b2]
∫ b2
a2
k2(t, s)ds
)−1
=
1
a2(b2 − a2)
.
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Fixed [a1, b1] ⊂ (0, 1), c1 = min{a1, 1− b1}, [a2, b2] ⊂ (0, 1] and c2 = a2, we consider the cones, for i = 1, 2,
Ki :=
{
w ∈ C1ωi [0, 1] : w ≥ 0, mint∈[ai,bi]
w(t) ≥ ci||w||∞, ||w||∞ ≥ ‖w
′‖ωi
}
,
and the cone K in C1ω1 [0, 1]× C
1
ω2 [0, 1] defined by
K := {(u, v) ∈ K1 ×K2}.
By a positive solution of the system (2.3) we mean a solution (u, v) ∈ K of (2.3) such that ‖(u, v)‖ > 0.
Note that the functions in Ki are strictly positive on the sub-intervals [ai, bi].
The operator T defined in (2.4) leaves the coneK invariant. In fact, take (u, v) ∈ K such that ‖(u, v)‖ ≤ r,
r > 0, we have, for t ∈ [0, 1],
Ti(u, v)(t) ≤
∫ 1
0
φi(s)gi(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
and so, for i = 1, 2, ||Ti(u, v)||∞ < +∞.
On the other hand, we have
(2.5) min
t∈[ai,bi]
Ti(u, v)(t) ≥ ci
∫ 1
0
φi(s)gi(s, u(s), v(s), |u
′(s)|, |v′(s)|) ds ≥ ci||Ti(u, v)||∞.
Now we prove that for every (u, v) ∈ K
(2.6) ‖T1(u, v)‖∞ ≥ ‖(T1(u, v))
′‖ω1 .
We have
t(1 − t)|(T1(u, v))
′(t)| =
∣∣∣− t(1− t)∫ t
0
sg1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
+ t(1 − t)
∫ 1
t
(1− s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
∣∣∣
≤ t(1− t)
∫ t
0
sg1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds+ t(1− t)
∫ 1
t
(1− s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
≤ (1− t)
∫ t
0
sg1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds+ t
∫ 1
t
(1 − s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
= T1(u, v)(t) ≤ ‖T1(u, v)‖∞
and consequently (2.6) holds.
Moreover we have
t|(T2(u, v)
′(t)| = t
∫ 1
t
g2(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds ≤
≤
∫ t
0
sg2(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds +
∫ 1
t
tg2(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
= T2(u, v)(t) ≤ ‖T2(u, v)‖∞
and therefore
(2.7) ‖T2(u, v)‖∞ ≥ ‖(T2(u, v))
′‖ω2 .
Since (2.5 ), (2.6) and (2.7) hold for every r > 0, we obtain TiKi ⊂ Ki.
By the properties of the Green’s functions ki and using the Arze`la-Ascoli Theorem, we obtain that the
operator T is compact.
In order to use the fixed point index, we utilize the open bounded sets (relative to K) , for ρ1, ρ2 > 0,
Kρ1,ρ2 := {(u, v) ∈ K : ||u|| < ρ1 and ||v|| < ρ2}.
4
Vρ1,ρ2 := {(u, v) ∈ K : min
t∈[a1,b1]
u(t) < ρ1 and min
t∈[a2,b2]
v(t) < ρ2}.
The sets defined above have the following properties:
(P1) Kρ1,ρ2 ⊂ Vρ1,ρ2 ⊂ Kρ1/c1,ρ2/c2 .
(P2) (w1, w2) ∈ ∂Kρ1,ρ2 if and only if (w1, w2) ∈ K and for some i ∈ {1, 2} ‖wi‖∞ = ρi and ciρi ≤
wi(t) ≤ ρi for t ∈ [ai, bi].
(P3) (w1, w2) ∈ ∂Vρ1,ρ2 if and only if (w1, w2) ∈ K and for some i ∈ {1, 2} min
t∈[ai,bi]
wi(t) = ρi and
ρi ≤ wi(t) ≤ ρi/ci for t ∈ [ai, bi].
The following theorem follows from classical results about fixed point index (more details can be seen, for
example, in [2, 13]).
Theorem 2.1. Let K be a cone in an ordered Banach space X. Let Ω be an open bounded subset with
0 ∈ Ω ∩K and Ω ∩K 6= K. Let Ω1 be open in X with Ω1 ⊂ Ω ∩K. Let F : Ω ∩K → K be a compact map.
Suppose that
(1) Fx 6= µx for all x ∈ ∂(Ω ∩K) and for all µ ≥ 1.
(2) There exists h ∈ K \ {0} such that x 6= Fx+ λh for all x ∈ ∂(Ω1 ∩K) and all λ > 0.
Then F has at least one fixed point x ∈ (Ω ∩K) \ (Ω1 ∩K).
Denoting by iK(F,U) the fixed point index of F in some U ⊂ X, we have
iK(F,Ω ∩K) = 1 and iK(F,Ω
1 ∩K) = 0 .
The same result holds if
iK(F,Ω ∩K) = 0 and iK(F,Ω
1 ∩K) = 1 .
3. Existence and non-existence results
We provide now the existence and non-existence results for the system
(3.1)


−∆u = f1(|x|, u, v, |∇u|, |∇v|) in Ω,
−∆v = f2(|x|, u, v, |∇u|, |∇v|) in Ω,
u = 0 on ∂Ω,
v = 0 on |x| = R0 and
∂v
∂r
= 0 on |x| = R1,
where Ω = {x ∈ Rn : R0 < |x| < R1} is an annulus, 0 < R0 < R1 < +∞ and for i = 1, 2, fi :
[R0, R1]× [0,+∞)
4 → [0,+∞) is a continuous function.
We define the following sets:
Ωρ1,ρ2 = [R0, R1]× [0, ρ1]× [0, ρ2]× [0,+∞)× [0,+∞) ,
As1,s21 = [min{r(a1), r(b1)},max{r(a1), r(b1)}]×
[
s1,
s1
c1
]
×
[
0,
s2
c2
]
× [0,+∞)× [0,+∞) ,
As1,s22 = [min{r(a2), r(b2)},max{r(a2), r(b2)}]×
[
0,
s2
c2
]
×
[
s2,
s2
c2
]
× [0,+∞)× [0,+∞) ,
Theorem 3.1. Suppose that there exist ρ1, ρ2, s1, s2 ∈ (0,+∞), with ρi < ci si , i = 1, 2, such that the
following conditions hold
(3.2) sup
Ωρ1,ρ2
fi(r, w1, w2, z1, z2) <
mi
sup
t∈[0,1]
p(t)
ρi
5
and
(3.3) inf
A
s1,s2
i
fi(r, w1, w2, z1, z2) >
Mi
inf
t∈[ai,bi]
p(t)
si.
Then the system (3.1) has at least one positive radial solution.
Proof. We note that the choice of the numbers ρi and si assures the compatibility of conditions (3.2) and
(3.3). Moreover, when fi acts on Ω
ρ1,ρ2 and As1,s2i , gi acts respectively on the subsets Ω˜
ρ1,ρ2 and A˜s1,s2i
defined by
Ω˜ρ1,ρ2 = [0, 1]× [0, ρ1]× [0, ρ2]× [0,+∞)× [0,+∞) ,
A˜s1,s21 = [a1, b1]×
[
s1,
s1
c1
]
×
[
0,
s2
c2
]
× [0,+∞)× [0,+∞) ,
A˜s1,s22 = [a2, b2]×
[
0,
s1
c1
]
×
[
s2,
s2
c2
]
× [0,+∞)× [0,+∞) .
Firstly we claim that λ(u, v) 6= T (u, v) for every (u, v) ∈ ∂Kρ1,ρ2 and for every λ ≥ 1, which implies that the
index of T is 1 on Kρ1,ρ2 .
Assume this is not true. Then there exist λ ≥ 1 and (u, v) ∈ ∂Kρ1,ρ2 such that λ(u, v) = T (u, v).
Suppose that ‖u‖ = ||u||∞ = ρ1 holds. Then
λu(t) =
∫ 1
0
k1(t, s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
=
∫ 1
0
k1(t, s)p(s)f1
(
r(s), u(s), v(s),
∣∣∣∣u′(s)r′(s)
∣∣∣∣ ,
∣∣∣∣v′(s)r′(s)
∣∣∣∣
)
ds
< m1ρ1
∫ 1
0
p(s)
sup
t∈[0,1]
p(t)
k1(t, s)ds ≤ m1ρ1
∫ 1
0
k1(t, s)ds.
Taking the supremum in [0, 1], we have
λρ1 < m1ρ1 sup
t∈[0,1]
∫ 1
0
k1(t, s)ds =
m1
m1
ρ1 = ρ1.
Therefore we obtain λρ1 < ρ1, which contradicts the fact that λ ≥ 1.
The case ‖v‖ = ‖v‖∞ = ρ2 analogously follows.
Consider h(t) = 1 for t ∈ [0, 1], and note that (h, h) ∈ K. Now we claim that
(u, v) 6= T (u, v) + λ(h, h) for (u, v) ∈ ∂Vs1,s2 and λ ≥ 0,
that assures that the index of T is 0 on Vs1,s2 . Assume, by contradiction, that there exist (u, v) ∈ ∂Vs1,s2 and
λ ≥ 0 such that (u, v) = T (u, v) + λ(h, h). Without loss of generality, we can assume that, for t ∈ [a1, b1],
min
t∈[a1,b1]
u(t) = s1, s1 ≤ u(t) ≤ s1/c1.
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Then, for t ∈ [a1, b1], we obtain
u(t) =
∫ 1
0
k1(t, s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds+ λh(t)
=
∫ 1
0
k1(t, s)p(s)f1
(
r(s), u(s), v(s),
∣∣∣∣u′(s)r′(s)
∣∣∣∣ ,
∣∣∣∣v′(s)r′(s)
∣∣∣∣
)
)ds+ λh(t)
≥
∫ b1
a1
k1(t, s)p(s)f1
(
r(s), u(s), v(s),
∣∣∣∣u′(s)r′(s)
∣∣∣∣ ,
∣∣∣∣v′(s)r′(s)
∣∣∣∣
)
)ds
> M1s1
∫ b1
a1
p(s)
inf
t∈[a1,b1]
p(t)
k1(t, s)ds ≥M1s1
∫ b1
a1
k1(t, s)ds.
Taking the minimum over [a1, b1] gives
s1 = min
t∈[a1,b1]
u(t) > M1s1
1
M1
= s1,
i.e. a contradiction.
The case of min
t∈[a2,b2]
v(t) = s2 follows in a similar manner.
Therefore we have iK(T,Kρ1,ρ2) = 1 and iK(T, Vs1,s2) = 0. From Theorem 2.1 it follows that the compact
operator T has a fixed point in Vs1,s2 \Kρ1,ρ2 . Then the system (3.1) admits a positive radial solution. 
Example 3.2. We note that Theorem 3.1 can be apply when the nonlinearities fi are of the type
fi(|x|, u, v, |∇u|, |∇v|) = (δiu
αi + γiv
βi)qi(|x|, u, v, |∇u|, |∇v|)
with qi continuous functions bounded by a strictly positive constant, αi, βi > 1 and suitable δi, γi ≥ 0.
For example we can consider in R3 the system of BVPs


−∆u = e
−|x|2
6 (2− sin(|∇u|
2 + |∇v|2)u5 in Ω,
−∆v = 1pi e
−|x|2 arctan
(
1 + |∇u|2 + |∇v|2
)
v5 in Ω,
u = 0 on ∂Ω,
v = 0 on |x| = 1 and
∂v
∂r
= 0 on |x| = e,
(3.4)
where Ω = {x ∈ R3 : 1 < |x| < e}.
By direct computation, we obtain sup
t∈[0,1]
p(t) = e2(e − 1)2 and, fixed [a1, b1] =
[
1
4 ,
3
4
]
, [a2, b2] =
[
1
2 , 1
]
, we
have c1 =
1
4 , c2 =
1
2 ,
inf
t∈[ 14 ,
3
4 ]
p(t) =
e2(e− 1)2(
e− e−14
)4 , inf
t∈[ 12 ,1]
p(t) =
e2(e − 1)2(
e− e−12
)4 ,
M1 :=
(
inf
t∈[a1,b1]
∫ b1
a1
k1(t, s)ds
)−1
= 16, M2 :=
(
inf
t∈[a2,b2]
∫ b2
a2
k2(t, s)ds
)−1
= 4.
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With the choice of ρ1 = ρ2 = 1/10, s1 = s2 = 10, we obtain
sup
Ωρ1,ρ2
f1 ≤
ρ51
2
= 5× 10−6 < 0.0366701 =
m1
sup
t∈[0,1]
p(t)
ρ1,
sup
Ωρ1,ρ2
f2 ≤
ρ52
2
= 5× 10−6 < 0.00916753 =
m2
sup
t∈[0,1]
p(t)
ρ2,
Ωρ1,ρ2 = [1, e]×
[
0,
1
10
]
t×
[
0,
1
10
]
× [0,+∞)× [0,+∞);
inf
A
s1,s2
1
f1 ≥
e−(
4e
e+3 )
2
6
s51 = 448.356 > 201.236 =
M1
inf
t∈[ 14 ,
3
4 ]
p(t)
s1,
As1,s21 =
[
4e
3e+ 1
,
4e
e+ 3
]
× [10, 40]× [0, 40]× [0,+∞)× [0,+∞);
inf
A
s1,s2
2
f2 ≥
2e−e
2
arctan 1
pi
s52 = 30.8989 > 21.9044 =
M2
inf
t∈[ 12 ,1]
p(t)
s2,
As1,s22 =
[
2e
e+ 1
, e
]
× [0, 20]× [10, 20]× [0,+∞)× [0,+∞).
Then the hypotheses of Theorem 3.1 are satisfied and hence the system (3.4) has at least one a positive
solution.
By means of Theorem 2.1 and the results contained in Theorem 3.1, it is possible to obtain results about
the existence of multiple positive solutions of the system (3.1). For brevity, here we state a result on the
existence of two positive solutions and refer to [16, 17] for the other kind of results that can be stated.
Theorem 3.3. Suppose that there exist ρi, si, θi ∈ (0,∞) with ρi/ci < si < θi such that
inf
A
ρ1,ρ2
i
fi(r, w1, w2, z1, z2) >
Mi
inf
t∈[ai,bi]
p(t)
ρi,
sup
Ωs1,s2
fi(r, w1, w2, z1, z2) <
mi
sup
t∈[0,1]
p(t)
si
inf
A
θ1,θ2
i
fi(r, w1, w2, z1, z2) >
Mi
inf
t∈[ai,bi]
p(t)
θi.
Then the system (3.1) has at least two positive radial solutions.
We now show some non-existence results for the system of ellyptic equations (3.1) when the nonlinearities
fi are enough ”small” or ”large”.
Theorem 3.4. Assume that one of following conditions holds:
(3.5) fi(r, w1, w2, z1, z2) <
mi
sup
t∈[0,1]
p(t)
wi , r ∈ [R0, R1], wi > 0, for i = 1, 2,
(3.6) fi(r, w1, w2, z1, z2) >
Mi
inf
t∈[ai,bi]
p(t)
wi , r ∈ [R0, R1], wi > 0, for i = 1, 2.
Then the only possible positive solution of the system (3.1) is the zero one.
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Proof. Suppose that (3.5) holds and assume that there exists a solution (u¯, v¯) of (3.1), (u¯, v¯) 6= (0, 0); then
(u, v) := (u¯ ◦ r, v¯ ◦ r) is a fixed point of T . Let, for example, be ‖(u, v)‖ = ‖u‖ = ‖u‖∞ 6= 0.
Then, for t ∈ [0, 1], we have
u(t) =
∫ 1
0
k1(t, s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds =
∫ 1
0
k1(t, s)p(s)f1
(
r(s), u(s), v(s),
∣∣∣∣u′(s)r′(s)
∣∣∣∣ ,
∣∣∣∣v′(s)r′(s)
∣∣∣∣
)
ds
<
m1
sup
t∈[0,1]
p(t)
∫ 1
0
p(s)k1(t, s)u(s)ds
≤ m1
∫ 1
0
k1(t, s)u(s)ds ≤ m1‖u‖∞
∫ 1
0
k1(t, s)ds.
Taking the supremum for t ∈ [0, 1], we have
‖u‖∞ < m1‖u‖∞ sup
t∈[0,1]
∫ 1
0
k1(t, s) ds = ‖u‖∞,
a contradiction.
Suppose that (3.6) holds and assume that there exists (u, v) ∈ K such that (u, v) = T (u, v) and (u, v) 6= (0, 0).
Let, for example, ‖u‖∞ 6= 0; then σ := min
t∈[a1,b1]
u(t) > 0 since u ∈ K1. We have, for t ∈ [0, 1],
u(t) =
∫ 1
0
k1(t, s)g1(s, u(s), v(s), |u
′(s)|, |v′(s)|)ds
≥
∫ b1
a1
k1(t, s)p(s)f1
(
r(s), u(s), v(s),
∣∣∣∣u′(s)r′(s)
∣∣∣∣ ,
∣∣∣∣v′(s)r′(s)
∣∣∣∣
)
ds
>
M1
inf
t∈[a1,b1]
p(t)
∫ b1
a1
p(s)k1(t, s)u(s)ds ≥M1
∫ b1
a1
k1(t, s)u(s)ds.
Taking the minimum for t ∈ [a1, b1], we obtain
σ = min
t∈[a1,b1]
u(t) > M1 inf
t∈[a1,b1]
∫ b1
a1
k1(t, s)u(s) ds ≥M1σ inf
t∈[a1,b1]
∫ b1
a1
k1(t, s) ds = σ,
a contradiction. 
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